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Abstract 
Nogura, T., D.B. Shakhmatov and Y. Tanaka, Metrizability of topological groups having weak 
topologies with respect to good covers, Topology and its Applications 54 (1993) 203-212. 
A cover B of a topological space X is point-countable (point-finite) if every point of X belongs 
to at most countably many (at most finitely many) elements of B. We say that a space X has the 
weak topology with respect to a cover B provided that a set F c X is closed in X if and only if 
its intersection F n C with every C E B is closed in C. A space X is an cY,-space if for every 
point x E X and any countable family (S,: n E N} of sequences converging to x one can find a 
sequence S converging to x which meets infinitely many S,. 
The classical Birkhoff-Kakutani theorem says that a Hausdorff topological group is metriz- 
able if (and only if) it is first countable. Quite recently Arhangel’skii generalized this theorem by 
showing that Hausdorff bisequential topological groups are metrizable (recall that first countable 
spaces are bisequential). In our paper we generalize these results by showing that a Hausdorff 
topological group is metrizable if it has the weak topology with respect to a point-finite cover 
consisting of bisequential spaces. In addition we establish the following theorem each item of 
which also generalizes both Birkhoff-Kakutani’s and Arhangel’skii’s results: 
Theorem. Let G be a Hausdorff topological group which has the weak topology with respect to a 
point-countable cover 8 consisting of bisequential spaces. Then G is metrizable in each of the 
following cases : 
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(i) G b an a,-space, 
(ii) 8 consists of closed subspaces and G does not contain a closed subspace homeomorphic to 
S, (or equivalently, a closed subspace homeomorphic to S,), 
(iii) B is countable and increasing, and G contains no closed subspace homeomorphic to S, 
(equiualenfly, no closed subspace homeomorphic to S,). 
Recall that S, is the quotient space obtained from the free union of a countable family of 
convergent sequences via identifying their limit points, and S, is Arens’ space, the standard 
sequential space of sequential order 2. 
Keywords: Metrizable; First countable; Fr&het space; Sequential space; Bisequential space; 
a,-space; Cover; Weak topology; Topological group; S,; S2. 
AMS (h4O.S) Subj. Class.: Primary 54A20,54D55,54E35,54Hll, 22A05; secondary 54B05,54E45 
1. Introduction 
All topological spaces and groups considered in this paper are assumed to be 
Tychonoff. All undefined notions and notations can be found in [7,91. 
In 1936 Birkhoff [6] and Kakutani [lo] proved the following 
Metrizability theorem for topological groups 1.1. A topological group is metrizable 
if (and only if) it is first countable. 
Quite recently Arhangel’skii generalized this classical theorem as follows: 
Theorem 1.2 [4, Corollary 141. A bisequential topological group is metrizable. 
In this paper we extend these results over a class of topological groups having 
weak topologies with respect to certain covers consisting of first countable (or 
more generally, bisequential) spaces. 
2. Preliminaries 
A cover ‘2? of a topological space X is point-countable (point-finite) if every 
point of X belongs to at most countably many (finitely many) elements of Ep. For a 
cover Z? of a space X we say that X has the weak topology with respect to ‘8 
provided that a set F GX is closed in X if and only if its intersection F f~ C with 
every C E SY is closed in C. (Clearly, in this definition one can replace “closed” by 
“open”.) Following [8] we will say “X is determined by 25”’ instead of the more 
lengthy term “X has the weak topology with respect to W’. 
Obviously, any open cover of a space determines this space. A topological space 
is sequential if it is determined by the cover consisting of all its (compact) metric 
subsets. A space X is Fr&het (or FrCchet-Urysohn) if, whenever x EA, there is a 
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sequence in A converging to x. A space X is strongly Frkchet [21] (or countably 
bisequential in the sense of [12]) if, whenever {A,: n E IV] is a decreasing sequence 
of subsets of X and x E n{A,: n E IV], there is a sequence Ix,: IZ E RJ) converging 
to n such that x, EA, for all rz E N. A space X is an a,-space (equivalently, 
X E (4) in the terminology of Arhangel’skii [2,3] or X is an (a,)-space in the 
terminology of Nogura [16]) if for every point x EX and any countable family {S,: 
n E PU} of sequences converging to x one can find a sequence S converging to x 
which meets infinitely many S,. 
A family 8 of nonempty subsets of X is a prefilter in X if for any A E 8 and 
every B E B there exists C E 8 with C ~4 fl B. A prefilter 8 converges to a point 
x EX if every neighbourhood of x contains some element of 8. According to 
Michael [12], a space X is called bisequential if for every prefilter 8 in X and any 
point x E r-l {,??: E E 8’) there exists a countable prefilter +%?@ converging to x such 
that E nH#fl whenever E EZ and HE%‘. 
Finally, let us recall definitions of the sequential fun S, and Arens’ space S, ([5] 
and [l] respectively): 
S, is the quotient space obtained from the disjoint sum of a countable family of 
convergent sequences via identifying limit points of all these sequences. 
S, = (N x N) U N U (4 is the space with each point of N X N isolated. The set 
(n] U (Cm, n): m > k] is a kth basic neighbourhood of rr E N, and a set U is a 
neighbourhood of ~0 if and only if CQ E U and U is an open neighbourhood of all 
but finitely many IZ E N. 
The following diagram displays interrelationships between notions defined 
above: metrizable 
UT see Theorem 1 .l 
first countable 
JII 
see Theorem 1.2 
bisequential 
sequential _ Fr&het e------------------:-------- ad spaces 
+ sequential 
II 
spaces without u71 spaces without 





:: + sequential i/ j j + sequential 
spaces without D71 spaces without 
closed copies of S, closed copies of S, 
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In the above diagram * stands for implications which hold for all Tychonoff 
spaces, + denotes specific implications hold for topological groups only, ::=B 
shows implications which hold for Tychonoff spaces satisfying the additional 
condition written near the corresponding arrow, and ---+ is used for implications 
which hold in the special subclasses of topological groups satisfying the condition 
specified near the corresponding arrow. Numbers in square brackets give refer- 
ences to papers where corresponding implications have been proven for the first 
time. 
For future references we need to state explicitly three results from the diagram. 
Fact 2.1 [191. ’ If a sequential group G is an a,-space, then G is strongly Frkchet. 
Fact 2.2 [22,18]. A topological group contains a closed copy of S, if and only if it 
contains a closed copy of S,. 
Fact 2.3 [HI. A sequential space contains a copy of S, (S,) if and only if it contains 
a closed copy of S, (S,). 
We need also the following trivial 
Fact 2.4. A space determined by a cover consisting of sequential spaces is sequential. 
Lemma 2.5. Let X be a space determined by a point-countable cover $7. Suppose that 
finite unions of elements of @Y are either Frtkhet or sequential spaces in which every 
point is a G,-set. If X contains neither a closed copy of S, nor a closed copy of S,, 
then each point of X has an open neighbourhood covered by some finite subfamily of 
,z’. 
Proof. X is sequential by Fact 2.4. Since X contains no closed copy of S,, from 
Fact 2.3 and [22, Theorem 2.1(a)] it follows that X is Fr&het. Since X contains no 
closed copy of S,, X is strongly FrCchet by [22, implication (b) = (d) of Theorem 
1.51. Fix x EX. Since %7 is point-countable, we can enumerate the set (C E $Y: 
XE C} as {C,: n E NJ. For each n E N define A,, = U{Ci: i < n). Suppose that 
x @L Int A, for all n E N. Then x E n(X\A,: n E NJ, and since X is strongly 
FrCchet, there is a sequence S = {x,: n E N} with x, EX\A, converging to x. Let 
C E %?. If x +E C, S n C is closed in C. If x E C, then C = C, for some n E N, and 
SO S n C c {xl, x2,. . . , x,}; hence in this case S n C is also closed in C. Since X is 
determined by E’, we conclude that S is closed in X. Since S converges to x, this 
yields x E S, a contradiction. Therefore, x E Int A, for some n E N. 0 
1 This fact follows from the remark in the last paragraph on p. 797 in [19] saying that condition (*) 
can be weakened to condition (* *I in the assumption of [19, Theorem 11, and the observation that 
(* *) is equivalent to the cY,-property. 
Metrizability of topological groups 207 
Corollary 2.6. Let G be a topological group determined by a countable increasing 
cover %? = {G,,: n E kI} consisting of its subgroups. Suppose also that one of the 
following conditions holds : 
(1) all G,, are Frechet, or 
(2) every G,, is sequential and the neutral element e is a G&-subset of G,,. 
Then either 
(i) G contains both a closed copy of S, and a closed copy of S,, or 
(ii) some G, is clopen (i.e., both open and closed) in G. 
Proof. First of all note that 9 satisfies the assumptions of Lemma 2.5. Assume 
now that (i) does not hold. Using Fact 2.2 one can easily check that G satisfies the 
remaining assumptions of Lemma 2.5, applying which we conclude that e E Int G, 
for some n E N. Then G,, = lJ{x . Int G,,: x E G,} is open in G. Being a subgroup 
of G, G, is also closed in G (see [9, Chapter II, Theorem 5.51). 0 
Lemma 2.7. Zf a space X is determined by a point-finite cover %Y consisting of 
a,-spaces, then X is an a,-space itself. 
Proof. Let {S,: n E kJ} be a countable family of sequences converging to some point 
x EX. We have to find a sequence S converging to x which meets infinitely many 
S,. Without loss of generality we may assume that x @ S, for every n E N. Since x 
is the only accumulation point of S,, each S, is not closed. Since X is determined 
by EY’, for every n E N there exists C, E ‘Z so that T, = S, n C, is not closed. 
Recalling again the fact that x is the only accumulation point of S,, we conclude 
that x E C, for all n E N. Since %? is point-finite, there exist C E Z? and infinite 
N c N such that C, = C for all n E N. Being a subsequence of S,, T, is a sequence 
converging to x. Since x E C, T, G C for n EN, and C is an ad-space, we can find 
a sequence S converging to x such that 6 # S I? T, z S n S, for infinitely many 
nEN. 0 
Lemma 2.8. Let U be a nonempty open subset of a space X, and let 8 be a finite 
family of subsets of X such that U c lJ 8. Then there exist E E 8 and a nonempty 
open subset V of X with V c V n E. 
Proof. We will prove by induction on n that the conclusion of our lemma holds for 
every nonempty open set U and every family 8 of subsets of X with 18 I G n. This 
is obviously true if 18 I =G 1. Now suppose that we have already proved our lemma 
for all U and 8 with 18 ) G n. Fix U and 8 with 18 I G n + 1 satisfying the 
assumption of Lemma 2.8. Pick E E 8 arbitrarily, and let 
U*=U\EnU and s*=8\{E). 
If U c E n U, then V = U and E satisfy the conclusion of our lemma; otherwise 
U * is a nonempty open subset of X with U * c U 8 *. Since I 8 * I 6 n, applying 
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the inductive assumption we can choose E * E 8* and a nonempty open set V 
such that Vc_ V/n E*. 17 
The following theorem is the main technical result of this section which will be 
used in Section 3. 
Theorem 2.9. Suppose that G is a topological group determined by a point-countable 
cover g consisting of bisequential spaces. Assume also that: 
(i) lJ g” is Frechet for every finite subfamily 5Z” & 59, and 
(ii) G does not contain a closed copy of S,. 
Then G is metrizable. 
Proof. We need to recall some definitions from [4]. A prefilter ‘Z in a topological 
space X is called a nest if Z consists of open subsets of X and has the following 
property: For every U E Z and every V E Z either U & I/ or V c U. A space X is 
r-nested at a point x EX if there exists a nest in X converging to x, and X is 
nested at x if there exists a nest in X which forms a local base for X at x. Finally, 
a space is nested if it is nested at every of its points. 
To start our proof let us note that %’ and X = G satisfy the assumptions of 
Lemma 2.5. Indeed, from (ii) and Fact 2.2 it follows that G does not contain a 
closed copy of S,, and other conditions guaranteed by (i) and (ii). Therefore we 
can apply Lemma 2.5 to find a finite family 8 c g and an open set U with 
e E U c U 8. Now use Lemma 2.8 to find some E E 8 c % and a nonempty open 
setvsothat V~V/E.SinceV#@,wecanpicksomexEVnE#Id.Asanopen 
subset of a bisequential space E, the space I/r\ E is bisequential in the induced 
topology, so the space I/n E is rr-nested at x by [4, Proposition 11. From [4, 
Lemma 201 we conclude that the space I/n E is also r-nested at x. Since x E V 
c I/n E, V is r-nested at x too. Finally, since V is open in G, we obtain that G is 
rr-nested at x. Since G is a topological group, G is nested [4, Proposition 61. If G 
is discrete, it is trivially metrizable, and we have nothing to prove. So suppose that 
G is not discrete. Note that G is sequential by Fact 2.4, so G contains a nontrivial 
convergent sequence. Hence G must have a G,-subset which is not open. Being 
nested, G is first countable by 14, Lemma 101. Now reference to Theorem 1.1 
finishes the proof. 0 
3. Main results 
Theorem 3.1. Let G be a topological group determined by a point-countable cover %? 
consisting of bisequential spaces. Then the following are equivalent: 
(i) G is an a,-space, 
(ii) G is Frechet, 
(iii) G is metrizable. 
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Proof. (i) * (iii). Let ‘Z be a point-countable cover of G determining its topology. 
From Fact 2.4, (i) and Fact 2.1 it follows that G is strongly FrCchet. In particular, 
lJ E” is FrCchet for every %?’ G ‘Z:, so item (i) of Theorem 2.9 holds. Item (ii) of 
this theorem also holds, because closed subsets of strongly FrCchet spaces are 
strongly FrCchet, and S, is not strongly FrCchet. Now Theorem 2.9 yields that G is 
metrizable. 
Implication (iii) d (ii) is trivial, and for (ii) * (i) see the diagram. q 
When the cover $? consists of closed subspaces we can substantially weaken 
conditions (i) and (ii) in Theorem 3.1 (see the diagram). 
Theorem 3.2. Let G be a topological group determined by a point-countable cover %’ 
consisting of closed bisequential spaces. Then the following are equivalent: 
(i) G does not contain a closed copy of S,, 
(ii) G does not contain a closed copy of S,, 
(iii) G is metrizable. 
Proof. For (iii) * (ii) see the diagram, and for (ii) = (i) see Fact 2.2. 
(i) =) (iii). If g is a closed point-countable cover determining the topology of G, 
then one can easily check, using closedness of all C E %?‘, that U E?’ is FrCchet for 
every finite E” G %, and Theorem 2.9 implies metrizability of G. 0 
Theorem 3.3. Let G be a topological group determined by a countable increasing 
couer ‘2? = {C,: n E N) consisting of bisequential subspaces of G. Then the following 
conditions are equivalent: 
(i) G does not contain a closed copy of S,, 
(ii) G does not contain a closed copy of S,, 
(iii) G is metrizable. 
Proof. As in the proof of Theorem 3.2 it suffices only to check implication 
(i) * (iii). To do this we can argue as in the proof of this theorem, taking into 
account that the union of any finite subfamily g’ cg is contained in some 
(Frechet space) C, which gives Frechetness of lJ ‘5?‘. o 
If the cover %Y is point-finite, we can get an especially strong result. 
Theorem 3.4. A topological group determined by a point-finite cover consisting of 
bisequential spaces is metrizable. 
Proof. Let G be a topological group satisfying the assumptions of our theorem. 
Since bisequential spaces are ad-spaces (see the diagram), Lemma 2.7 implies that 
G is an cu,-space. Now implication (i) * (iii) of Theorem 3.1 yields that G is 
metrizable. 0 
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Our next example demonstrates that in Theorems 3.1-3.4 at least some count- 
ability restrictions on the cover are necessary. 
Example 3.5. Let Z, = (0, l} be the two-element group with the discrete topology, 
and let 
G= {gEZ;l:I{LyEtil: g(cy) = l}]<o} 
be the corresponding Z-product. Then G is a countably compact, FrCchet topolog- 
ical group which is an cud-space (in fact, G has even more stronger properties). 
Since G is sequential, G is determined by the cover ‘8 consisting of compact 
metric subspaces of G (or by the cover consisting of all convergent sequences from 
G). Finally, G is not metrizable, which shows that we need some restrictions on 
the cover in Theorems 3.1-3.4. 
We say that a space X is &minuted by a cover Z? [ll] ( = X has a weak 
topology with respect to %Y in the sense of Morita [15]) if the union of any 
subcollection I?? c % is closed in X and the subspace U $9” is determined by %?‘. 
(Observe that a cover dominating a space consists of closed subsets.) Every 
CW-complex is dominated by a cover consisting of compact metric spaces. 
Theorem 3.6. Let G be a topological group dominated by a cover consisting of 
bisequential spaces (in particular, first countable spaces). Then the following condi- 
tions are equivalent: 
(i) G contains no closed copy of S,, 
(ii> G does not contain a closed copy of S,, and 
(iii) G is met&able. 
Proof. (i) ti (ii) according to Fact 2.2. Obviously, (iii) implies both 6) and (ii), so it 
suffices only to prove (9 = (iii). Let {F,: LY < K} be a cover dominating G. For 
a<~ set @,=F,\U FP: p<ff , andlet ??=I@,: a<~). 
Claim. sZ? is a point-finite cover which determines G. 
Proof. This claim is a particular case of [24, Lemma 3.21, but we present its proof 
for the sake of completeness. First, Z7 is obviously a cover, and from [23, Lemma 
2.5(i)] it follows that ‘8 determines G. 
Suppose that g is not point-finite and pick a point x E G such that A, = {(Y < K: 
x E @,I is infinite. We are going to find a closed copy of S, with x nonisolated in 
S,. Define y = inf A, and choose a strictly increasing sequence (LY,: n E NJ CA, 
with y < CQ. Since 
x E @a, =F,n\U{Fp:p<oI,}@On 
and FU, is Frtchet, there is a sequence S, cF,,\ U{FP: p < c.u,) converging to x. 
Since the sequence {(Y,: n E N} is strictly increasing, S, fl S, = @ for m # n. 
Observe also that x E @, c F,, and y < a0 < cy,, so x @ S, for every n E N. There- 
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fore, each S, is a nontrivial sequence converging to x. Finally, from [23, Lemma 
2S(ii)] one immediately concludes that lJ{S,: IZ E N} U (x) is a closed copy of S,, 
which contradicts our assumption in item (i) of Theorem 3.6. 
Returning back to the proof of the theorem note that Z?= {@,: (Y < K} is a 
point-finite cover determining G (Claim), and each @, is bisequential as a closed 
subspace of the bisequential space Fa. Now the result follows from Theorem 3.4. 
0 
Note that either of Theorems 3.1-3.4, 3.6 immediately implies Theorem 1.2. 
Indeed, in view of the implications from the diagram, in order to conclude that a 
bisequential topological group G is metrizable it suffices to apply any of Theorems 
3.1-3.4, 3.6 to the cover SY= (G}. 
Let us also point out that, since G satisfying assumptions of either of Theorem 
3.2, 3.3 or 3.6 is sequential (Fact 2.4), conditions (i) and (ii) in Theorems 3.2, 3.3 
and 3.6 are the weakest ones among those from the diagram which imply metriz- 
ability of a topological group G under the assumptions of these theorems. On the 
other hand, our next example demonstrates that at least some additional restric- 
tions on G are indeed necessary. 
Example 3.7. Let H be a locally compact, nondiscrete metric group (the group Iw 
of real numbers, for example). For every n E N let 
G,=H”x{e} x ... x(e) x ... 
be the subgroup of the topological group H ‘, the Tychonoff product of countably 
many copies of H, with the induced topology. Let G = lim{G,: n E N} be the 
inductive limit of the G,,, i.e., the group G = lJ{G,: n E N} 4th the weak topology 
with respect to the cover {G,: IZ E N} (this weak topology is a group topology 
because of local compactness of H). Then G is dominated by the increasing 
countable cover {G,: II E FY} of its closed subgroups, but nevertheless G contains 
both a closed copy of S, and a closed copy of S,; in particular, G is not 
metrizable. 
Indeed, since H is not discrete, G,, is not open in G,, + i, IZ E N. This means that 
neither of the G,, is open in G, and the result follows from Corollary 2.6. 
Remark 3.8. The fact that the topological vector space iw” = lim{[W”: n E N}, the 
inductive limit of n-dimensional Euclidean spaces [w”, is not me&zable is a part of 
the folklore in the theory of topological vector spaces, see [20, Chapter II, 
Excercise 111. Our example shows how far this space actually is from being 
metrizable: [w” contains both a closed copy of S, and a closed copy of S,. 
Cornpairing Theorems 3.1 and 3.2, we arrive to the following 
Question 3.9. Can the assumption that S!Y consists of closed subspaces of G be 
omitted in Theorem 3.2? 
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A space X is an A-space 113,141 if for every decreasing sequence (A,: n E N} of 
subsets of X and any point x E fl (A,\(x): iz E N) one can pick (possibly empty) 
B, _cA, for all TZ E N such that UIE: IZ E N) is nof closed in X. An A-space does 
not contain a closed copy of S, [13,14], so one could propose the following 
particular version of Question 3.9: 
Question 3.10. Let G be a topological group determined by a point-countable 
cover 5F consisting of bisequential spaces. If G is an A-space, is it metrizable? 
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